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ABSTRACT
Mixed modes have been extensively observed in post-main-sequence stars by the Ke-
pler and CoRoT space missions. The mixture of the p and g modes can be measured
by the dimensionless coefficient q, the so-called coupling strength factor. In this paper
we discuss the utility of the phase shifts θ from the eigenvalue condition for mixed
modes as a tool to characterize dipolar mixed modes from the theoretical as well as
the practical point of view. Unlike the coupling strength, whose variation in a given
star is very small over the relevant frequency range, the phase shifts vary significantly
for different modes. The analysis in terms of θ can also provide a better understanding
of the pressure and gravity radial order for a given mixed mode. Observed frequencies
of the Kepler red-giant star KIC 3744043 are used to test the method. The results are
very promising.
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1 INTRODUCTION
Thanks to the very long duration and high precision of
photometric space observation missions, such as Kepler
(Borucki et al. 2008, 2010) and CoRoT (e.g., Baglin et al.
2006a,b; Michel et al. 2008), the study of mixed modes in
post-main-sequence stars, specifically subgiants and red gi-
ants, became a highlight of asteroseismology (Bedding et al.
2010; Beck et al. 2011). Not only because space missions al-
lowed us the detection of these small amplitude modes, but
also because these modes carry information about the stellar
interior (Beck et al. 2012) which is not directly observable.
Mixed modes behave like pressure (p) modes in the outer
region while they behave like gravity (g) modes in the core
of stars that have evolved off the main sequence (MS) after
the depletion of hydrogen in the central parts.
When a star has evolved past the MS and entered the
sub-giant branch (SGB), the very condensed core raises
the gravitational field and hence the buoyancy frequency,
which opens up the possibility of the coupling between
p and g modes. Although the theory of the coupling be-
tween p and g modes has been used in numerical compu-
tations for a long time, the research concerning observed
mixed modes increased significantly only in recent years
(Christensen-Dalsgaard 2012). Through the analysis of Ke-
pler data, Mosser et al. (2012a) managed to estimate the
⋆ E-mail:jiangch53@mail.sysu.edu.cn
mean coupling strength of modes in red-giant branch (RGB)
stars as well as clump giants using the asymptotic relation
discussed in Unno et al. (1989). Benomar et al. (2012) in-
troduced a way to fit mixed modes in SGB stars and an-
nounced that the coupling strength of the dipolar mixed
modes is predominantly a function of stellar mass and
appears to be independent of metallicity. A further de-
tailed analysis of asymptotic relations for dipolar mixed
modes proves its usefulness for predications of some gen-
eral parameters, like coupling strength and period spacings
(Jiang & Christensen-Dalsgaard 2014). Properties of dipo-
lar oscillations in luminous red giants have been studied
by Dziembowski (2012) who solved the equations for adia-
batic oscillations based on asymptotic decomposition of the
fourth-order system. In this paper, we continue the asymp-
totic analysis of mixed modes in post-main-sequence giants.
The paper starts with the investigation of the eigenvalue
condition for mixed modes, and then extends the discussion
to some general properties of mode coupling and the use of
the phase shift in the asymptotic descriptions.
2 GENERAL PROPERTIES OF MIXED
MODES IN GIANT STARS
An oscillation mode can be specified by three quantum num-
bers: the radial order n, the degree l and the azimuthal order
m. In the absence of rotation, magnetic field, and other phys-
ical agents that may break the spherical symmetry of the
c© 2016 RAS
2 C. Jiang, J. Christensen-Dalsgaard and M. Cunha
star, the oscillation frequencies are degenerate in m. This is
the case that will be considered in this paper. At low degree
the cyclic frequencies of high-order p modes are approxi-
mately given by (Tassoul 1980; Gough 1993)
νnl =
ω
2π
≃ ∆νas(n+ 12 l + ǫp)− dnl. (1)
Here ω is the angular mode frequency and ǫp is a frequency-
dependent offset due to the large gradient of the cut-off fre-
quency near the stellar surface. An estimate of ǫp can be de-
duced from the effective temperature and the line widths of
modes (White et al. 2012) by ignoring its frequency depen-
dence. In the asymptotic formulation, e.g. equation (5.8.31)
in Gough (1993), there is a frequency-dependent second-
order term that consists of two components. The first of
these, denoted by dnl in equation (1), is related to the small
frequency separation that is sensitive to the conditions in
the core of the star. The second component depends pre-
dominantly on the surface layers. Since ǫp is also largely
related to the surface layers, here we have opted to absorb
the higher-order term into ǫp. Also
∆νas =
(
2
∫ R
0
dr
c(r)
)−1
(2)
is the large frequency separation, which is the inverse sound
travel time across the whole star. The integral is of the sound
speed c(r) between the centre of the star, at r = 0, and
the surface where r = R. On the other hand, the oscillation
period of a g mode also satisfies a simple asymptotic relation
(Tassoul 1980):
Πnl =
2π
ωnl
≃ ∆Πl
(
n+
1
2
+ ǫg
)
, (3)
where ǫg is again an offset and the period spacing is
∆Πl =
2π2
L
(∫ r2
r1
N
dr
r
)−1
. (4)
Here L =
√
l(l + 1), N is the buoyancy frequency (the so-
called Brunt-Va¨isa¨la¨ frequency) and the integral is over the
cavity where the g-mode oscillation is trapped. For dipolar
modes, the propagation regions of p and g modes are theoret-
ically determined by the frequencies and are well discussed
in Aerts et al. (2010). In principle, acoustic waves travel in
the area where ω > Sl, Sl = Lc/r being the Lamb frequency,
in the outer part of the star, while gravity waves are trapped
in the region below the convective envelope where ω < N
and typically such that ω ≪ Sl. In the case of an RGB star,
the two regions are well separated by a so-called evanes-
cent region, within which the modes have an exponential
variation with depth. The width of the evanescent region is
related to the coupling strength of mixed modes that have
oscillatory behaviour in both the acoustic- and the gravity-
mode regions. A smaller width means that the two regions
are closer and hence stronger coupling exists between them.
Mosser et al. (2012a) developed an asymptotic relation for
dipolar mixed modes based on the analysis of Shibahashi
(1979):
ν = νnp, l=1 +
∆νas
π
arctan
[
q tan π
(
1
∆Π1ν
− ǫg
)]
, (5)
where νnp, l=1 are the uncoupled solutions for dipolar p
modes, q being the coupling strength and ǫg is essen-
tially the offset in equation (3), which makes the obtained
d
Figure 1. Propagation diagram of a RGB model Mr. The buoy-
ancy frequency (solid curve) and Lamb frequency (dashed curve,
l = 1) are shown in terms of corresponding cyclic frequencies,
against fractional radius r/R. The horizontal line indicates the
mode frequency ν = 315.26 µHz, which presents strong mixed-
mode character. The locations of the turning points of equa-
tion (7) are indicated by the letter a, b, c and d, which divide
the model into different propagation zones. d is very close to the
surface.
periods close to (n + 1/2 + ǫg)∆Πl when the coupling
is weak (Mosser et al. 2012a). Mosser et al. (2012a) used
this expression to fit the observed frequencies that are ex-
tracted from the power spectra of Kepler red giants as
well as clump stars, which gives the estimates of the cou-
pling strength and period spacings. Equation (5) provides
an underlying link between observations and stellar inner
structure, which was also discussed in some other stud-
ies (Montalba´n et al. 2013; Jiang & Christensen-Dalsgaard
2014; Bossini et al. 2015; Lagarde et al. 2016), and reveals
how the mixed-mode frequency is shifted from the pure
p-mode frequency as it couples with a pure g mode. The
interaction between the p modes and the g modes takes
place through a sequence of avoided crossings (Osaki 1975;
Aizenman et al. 1977). At the avoided crossing the two
modes with consecutive radial order approach very closely
and exchange nature, but they actually do not cross and
still preserve their original labelling. In this section, we dis-
cuss the mode coupling from a theoretical point of view by
studying a pair of phase shifts that can help us understand
the character of mixing and hence the mixed modes better.
2.1 Eigenvalue conditions for mixed modes
Shibahashi (1979) initiated the analysis of eigenvalue con-
ditions for different oscillatory modes using approximated
solutions of Airy functions and presenting an eigenvalue con-
dition for mixed modes with the coupling strength between
gravity-wave and acoustic-wave cavities:
cot
(∫ rb
ra
Kdr
)
tan
(∫ rd
rc
Kdr
)
=
1
4
exp
(
−2
∫ rc
rb
|K|dr
)
.
(6)
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Here the right-hand side defines the coupling strength q and
the wave number K is approximated by
K2 ≈ ω
2
c2
(
1− S
2
l
ω2
)(
1− N
2
ω2
)
. (7)
K is crucial in the asymptotic analysis, because the mode
displacements have the property of being locally oscillating
where K > 0. One the other hand, their properties switch to
be locally exponential where K < 0. The interfaces between
these regions are defined by the turning points where K = 0.
It is obvious that the turning points confine propagation cav-
ities of p and g modes (Unno et al. 1989). Therefore in equa-
tion (6) ra, rb, rc and rd are the turning points, so the inte-
gral of the first term is computed within the gravity-mode
cavity and that of the second term in the acoustic-mode cav-
ity. The locations of the two cavities are illustrated by the
propagation diagram, as shown for an RGB model (Mr, in-
troduced below) in Fig. 1. The frequency of a mixed mode is
indicated by the horizontal line, which intersects the buoy-
ancy frequency and the Lamb frequency at the four turning
points labelled as a, b, c and d. From the criteria of oscilla-
tion modes (Aerts et al. 2010), we know that gravity-waves
are trapped in the region between a and b, in the core area,
and acoustic-waves travel in the outer part of the star be-
tween c and d. The evanescent region is therefore between
b and c. We note that this expression for K places the up-
per acoustic turning point rd immediately below the pho-
tospheric radius Rph. The limits of the integral interval for
the coupling-strength term, on the right-hand side of equa-
tion (6), are the boundaries of the evanescent region. Ac-
cording to Unno et al. (1989) and equation (6), the coupling
strength is assumed to be in the range [0, 1/4]. Mosser et al.
(2012a) found that q can be larger than 1/4 for clump stars
but not beyond one when the coupling is at maximum. In-
deed, Takata (2016a,b) found that when the evanescent re-
gion is thin, leading to strong coupling between the gravity
waves in the core and the acoustic waves in the envelope, the
expression for q in equation (6) should be modified, resulting
in values that may approach one. A significant increase of
q is also observed in stars at the end of the subgiant phase
where they transit to red giant phase (Mosser et al. 2017).
In this work we use equation (7) for K in accordance
with the analysis by Shibahashi (1979) which we follow here.
The expression for K, however, depends on the variables
that are used in the analysis. An alternative expression,
dealing more appropriately with the modes in the near-
surface region, was derived by Gough (Deubner & Gough
1984; Gough 1993) based on an analysis of a variable directly
related to the Lagrangian pressure perturbation, following
Lamb (1932):
K2 = ω
2
c2
[
1− ω
2
c
ω2
+
S2l
ω2
(
N2
ω2
− 1
)]
, (8)
with ωc being the cut-off frequency which is generally small
in the stellar interior but can be large near the surface and
it is neglected in equation (7). For high-order modes ω is
comparable to ωc only at the photosphere where ωc is quite
similar to N2. Hence the term with ω2c in equation (8) can be
replaced by N2, such that we recover equation (7). However,
this approximation can result in large deviations for low-
order p modes whose frequencies are well below ωc in the
surface layers and for which ω2c/ω
2 is not negligible, leading
Table 1. Basic properties of Model Ms and Mr.
M Age Teff L R ∆νobs ∆Πobs
(M⊙) (Gyr) (K) (L⊙) (R⊙) (µHz) (s)
Ms 1.3 4.34 5835.6 4.887 2.168 49.28 350
Mr 1.3 4.90 4772.2 8.191 4.198 17.81 87.27
to a different eigenvalue condition (Gough 1993). Therefore,
for the mixed-mode eigenvalue condition in this paper we
expect extra phase offsets appearing as deviations caused
by the simplifications applied in the asymptotic analysis. We
assume that the integral of K may be corrected with a phase
offset φp for the p mode cavity. Therefore the eigenvalue
condition becomes:
cot
(∫ rb
ra
Kdr
)
tan
(∫ rd
rc
Kdr − φp
)
= q. (9)
In order to satisfy equation (9), in the weak-coupling
case where q is small, a pair of conditions for K is required:
∫ rb
ra
Kdr ≈ π(ng + 1/2) ± θg (10)
∫ rd
rc
Kdr ≈ πnp ∓ θp + φp , (11)
where integers ng and np are the radial orders of uncoupled
g and p modes, respectively. θg and θp are offsets for g and
p mode, each of the order of magnitude of π
√
q (Shibahashi
1979), and they appear as phase shifts in the trigonometric
functions in equation (6). The physical meaning of θg and
θp is clear: they represent the deviations of modes under-
going avoided crossing from pure modes. As a consequence
of mode coupling, determined by q in equation (5), the fre-
quencies of mixed modes vary around that of the pure mode.
This wobbling character of the modes is implied by the very
term θg and θp and the ± and ∓ signs. In the case of no cou-
pling, with q = 0, θg and θp are also 0 and equations (10)
and (11) reduce to the asymptotic relations for the pure
g and p modes, respectively. For simplicity, the ± signs in
equations (10) and (11) are not used hereafter and they are
included as the signs of the values of the θs. The estimation
of φp is discussed in detail in Section 2.2.
It is of great importance to understand θp and θg in
the study of mixed modes. To verify the theory about
these phase shifts we computed a 1.3 M⊙ model with
initial hydrogen abundance X = 0.7 and heavy element
abundance Z = 0.02, using the ASTEC evolution code
(Christensen-Dalsgaard 2008a) and the corresponding os-
cillation frequencies with the ADIPLS oscillation package
(Christensen-Dalsgaard 2008b). Convection is treated un-
der the assumption of mixing-length theory (Bo¨hm-Vitense
1958) with the mixing-length parameter set to 1.8. The input
physics of the current modelling includes the latest OPAL
opacity tables (Iglesias & Rogers 1996), OPAL equation of
state in its 2005 version (Rogers et al. 1996), and NACRE
reaction rates (Angulo et al. 1999). The models are kept as
simple as possible, meaning that there is no overshooting,
no diffusion, and no rotation in the modelling. In order to
make the analysis easy, the fourth-order system of differen-
tial equations is reduced to second order using the Cowling
approximation (Cowling 1941), neglecting the Eulerian per-
c© 2016 RAS, MNRAS 000, 1–13
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Figure 2. The scaled radial displacement of three Ms dipolar
mixed modes, n = 1, 13, 26 from top to bottom, in the p-mode
cavity as a function of the radius fraction. The turning points
of each region are located at the edges of each plot. The scaled
ξr from models is in black and that from asymptotic estimations
tuned with the phase offset φp (given in each plot) is in red while
those without φp are the blue dashed lines.
turbation to the gravitational potential1. Along the evolu-
tionary track, one SGB model, Ms, is selected to illustrate
the case of p modes undergoing avoided crossings, and one
RGB model, Mr, is selected to illustrate the case where g
modes are dominant. Some basic information on model Ms
andMr can be found in Table 1. Similar to what is found for
the MS, on the SGB high-order p modes dominate the power
spectrum. However, they are mixed with g modes to differ-
ent degrees that relate to θp. On the other hand, at a more
evolved evolutionary stage, the oscillation power spectrum
is rich in g modes, some of which can be detected in terms
of mixed modes that have significant p-mode character. We
will follow the classification of mixed modes introduced by
Mosser et al. (2012b) and Goupil et al. (2013) that divides
them into two categories, p-m and g-m mixed modes; this is
determined by the location of the dominant contribution to
the kinetic energy (Jiang & Christensen-Dalsgaard 2014). If
a mixed mode has a larger contribution from the acoustic
cavity in mode energy than its neighbour, it behaves more
like a p mode and hence it is called p-m mixed mode, other-
wise it is a g-m mixed mode. We note that p-m modes have
larger amplitudes at the surface, making them generally
more easily detectable than the g-m modes (Dupret et al.
2009; Grosjean et al. 2014). We emphasis the importance of
taking φp into consideration when the mixed modes eigen-
value conditions are used in a global analysis as in the exam-
ples given in Sections 2.3 and 2.4, after the introduction of
estimating φp theoretically using the eigenfunctions in next
section.
1 However, we note that for dipolar modes it is possible to reduce
the fourth-order system to second order without neglecting the
perturbation to the gravitational potential (Takata 2006).
Table 2. Radial orders for Model Ms dipolar mixed modes. np
and ng are the radial orders of the p- and g-mode components that
contribute to the corresponding mixed mode, from equation (13)
and (14). The numerical radial orders are notated as Np and Ng
that gives the mode radial order n. φp is obtained by fitting the
eigenfunction ξr, to correct the deviations due to the approxima-
tions in the asymptotic analysis. The mode frequencies are given
in the sixth column.
n np ng Np Ng f(µHz) θp/π θg/π φp/π
1 6 5 6 5 406.12 0.28 0.03 1.03
2 7 5 7 5 440.55 −0.05 0.50 1.01
3 7 4 7 4 462.91 0.40 0.18 0.98
4 8 4 8 4 492.06 0.01 −0.17 0.93
5 9 3 9 4 536.51 −0.05 0.36 0.83
6 9 3 9 3 560.49 0.45 0.15 0.78
7 10 3 10 3 585.53 −0.01 −0.06 0.72
8 11 3 11 3 632.90 −0.04 −0.40 0.65
9 12 2 12 3 681.05 −0.06 0.30 0.59
10 13 2 13 3 725.95 -0.13 0.05 0.51
11 13 2 13 2 739.83 0.17 −0.01 0.48
12 14 2 14 2 778.29 -0.04 −0.20 0.42
13 15 2 15 2 826.39 -0.05 −0.39 0.35
14 16 1 16 2 875.66 -0.06 0.43 0.30
15 17 1 17 2 925.08 -0.08 0.27 0.27
16 18 1 18 2 974.04 -0.09 0.13 0.22
17 19 1 19 2 1021.74 -0.14 0.01 0.18
18 20 1 19 1 1058.19 −0.41 −0.08 0.15
19 20 1 20 1 1082.39 0.09 −0.14 0.12
20 21 1 21 1 1127.27 -0.03 −0.23 0.12
21 22 1 22 1 1176.34 -0.06 −0.33 0.12
22 23 1 23 1 1226.04 -0.07 −0.41 0.11
23 24 1 24 1 1275.86 -0.08 −0.49 0.10
24 25 0 25 1 1325.57 −0.09 0.43 0.08
25 26 0 26 1 1375.05 −0.11 0.36 0.06
2.2 Eigenfunctions and φp
The eigenvalue condition in equation (9) shows that the cou-
pling of mixed modes is related to the integral of K that
provides us a useful tool to explore the interior structure of
the star. The integral can be gained from models as the es-
sential characteristic frequencies (N2 and S2l ) and the sound
speed are computed during the modelling. Before discussing
the character of mixed modes, we present how to estimate
φp using the eigenfunctions. Since the numerical radial or-
der Np and Ng computed in ADIPLS is given by the number
of nodes in the eigenfunction in the radial direction, it is
interesting to examine the differences between the asymp-
totic and numerical eigenfunctions, i.e. the oscillatory radial
displacement ξr. In Fig. 2 the scaled ξr is plotted in the
p-mode cavity for three p modes in model Ms. The ξr is
computed and scaled to get a constant amplitude according
to their asymptotic behaviour (Aerts et al. 2010, Appendix
E.2), assuming S2l ≪ ω2 in the p-mode cavity:
ξr ≃ A(ρωc)−1/2r−1 cos
(∫ rd
r
Kdr − (α+ 1
4
)π
)
, (12)
where A is a constant and α is a phase that depends on
the structure of the surface layers (cf. section 5 of Gough
1993 and appendix E of Aerts et al. 2010). Based on the
Duvall law (Duvall 1982), α can be estimated according to
c© 2016 RAS, MNRAS 000, 1–13
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Figure 3. Frequency e´chelle diagram for modes in Ms. Modes of
different degrees are indicated by diamonds (l = 0), triangles (l =
1) and squares (l = 2). To guide the eyes the dashed line connects
the dipolar mixed modes. Quadrupolar (l = 2) g-m mixed modes
are suppressed in the plot.
Appendix E.3 of Aerts et al. 2010. However, α is essentially
approximated by our φp in p mode region because near the
turning point rc the integral term in equation (12) is approx-
imated by that in the eigenvalue condition of equation (9).
Therefore in this way φp is estimated by matching up the
asymptotic ξr near rc with the numerical one. The resulting
φp of each Ms mode is given in the last column of Table 2.
The values of φp are around one for low-order modes for
which ωc is rather different from N at the upper turning
point of the mode. They diminish to close to 0 for high-
order modes whose frequencies are comparable to ωc only
where ωc is similar to N , making the definition of K given
by equation (7) a good approximation of equation (8). The
eigenfunction is one way to examine φp as well as mixed
modes when we know the interior property of stars which is
normally not possible from only observations. In Section 3, a
different way to estimate φp linking to the observed seismic
parameters is discussed.
2.3 Mode coupling
A mixed mode simultaneously presents characters of os-
cillations residing in gravity-wave and acoustic-wave cavi-
ties. The width of the evanescent region depends on mode
frequency and the two characteristic frequencies N and
Sl and, therefore, on the interior structure. From pre-
vious studies (Benomar et al. 2012; Mosser et al. 2012a;
Jiang & Christensen-Dalsgaard 2014), we know that q is
a global measurement of the coupling. The variation
of the coupling strength in a given star is very small
over the relevant frequency range in the weak-coupling
case (Mosser et al. 2017), but the mixed character of each
mode differs to different degrees. Therefore the coupling
strength factor q is not the parameter that optimally charac-
terizes the behaviour of mixing of individual mixed modes.
From equations (10) and (11) we can anticipate that θg and
θp are the parameters that really matter in that respect.
The frequency e´chelle diagram of oscillation modes of
model Ms is shown in Fig. 3, for clarity suppressing the g-m
modes with l = 2. Though there are slight shifts, the radial
Figure 4. Computed θp of dipolar modes of Model Ms from
equation (13) as a function of mode frequency. Each mode is il-
lustrated by a triangle. The mode undergoing the most significant
mixing, the most g-mode-like mixed mode, is filled in red.
modes (diamonds) are stacked up vertically, because they
are nearly equally spaced by the large frequency separation.
Mixed modes for l = 1 are clearly illustrated in Fig. 3 as
their frequencies deviate substantially from the vertical pat-
tern. This is due to the fact that when an avoided crossing
happens the mode frequency bumps to a higher value for
a g-m mixed mode. The degree of mixing for each mode is
decided by the phase shift; following equation (11) for the p
mode case it is estimated by:
θp =
∫ rd
rc
Kdr − πnp − φp. (13)
Fig. 4 shows the resulting θp of l = 1 modes for Model
Ms, using the φp obtained by fitting the eigenfunctions. Only
modes in the high-frequency range are plotted in the figure.
The mode undergoing significant avoided crossing, or mix-
ing, and having a substantial jump in θp compared to nor-
mal p modes has a frequency around 1030 µHz and its θp
is very close to −0.5π. The θp of regular p modes is very
small (around 0) indicating that they preserve more p-mode
character. The large jump in θp of the g-m mixed mode is so
obvious in this SGB model that the use of θp as an indicator
of the degree of mixing is promising.
In the case of RGB models in which modes are much
denser in frequency, a few p-m mixed modes could be ob-
served for each avoided crossing and θg and θp vary as the
modes experience different degrees of mixing. As shown in
Fig. 5, a period e´chelle diagram for the modelMr is produced
by plotting the frequencies as a function of the period mod-
ulo the period spacing (Bedding et al. 2011; Mosser et al.
2012a). The uncoupled g modes should be aligned vertically
in this diagram, but in practice modes spread sideward due
to the effect of coupling, leaving the most p-m mixed modes
(red circles in the figure) located at the sides of the s-shape
pattern and the most g-m one (green circle) located at the
centre. In Fig. 5, all these modes are coupled between differ-
ent orders of g modes and two p modes with p-mode radial
order np = 3 and 4. Modes with frequencies larger than the
central g-m mode couple with the np = 4 p mode while the
rest couple with the np = 3 p mode. The mixing degrees of
these mixed modes are linked to the θg of each mode. The
c© 2016 RAS, MNRAS 000, 1–13
6 C. Jiang, J. Christensen-Dalsgaard and M. Cunha
Figure 5. Period e´chelle diagram of a segment of gravity modes
inMr. These g modes are coupled with two p mode. The modes in
red are the most p-mode-like mixed modes among all the modes
in this plot, while the green circle indicates the one that preserve
most g-mode character during the coupling.
shift term θg is now given by:
θg ≈
∫ rb
ra
Kdr − π
2
− πng. (14)
The values of θg for the corresponding mixed modes are il-
lustrated in Fig. 6(a). Modes in red are those having most
p-mode-like character and located at the edges of the pattern
in Fig. 5. Their absolute values of θg (near 0.5π) are much
larger than those of less perturbed g-mode-like modes (the
green mode and its neighbours in Fig. 5), meaning they are
the closest to a pure p mode while the green mode is the clos-
est to a pure g mode. As the absolute value of θg approaches
0.5π, the modes behave more like a p mode. Meanwhile, in
Fig. 6(b) θp is computed from equation (13). Here the modes
marked in red have θp very close to 0 indicating the purity
of their p-mode character. Similarly, the mode marked in
green, the most g-mode-like one, has less p-mode character
than any other mixed modes in the plot and therefore an
absolute θp value close to 0.5π is associated with it.
In most cases the comparisons between the mixed-mode
frequencies and the expected pure p-mode frequency can
help estimate how much a mode deviates from a pure p or
g mode, except when the structural glitches in the cores of
red giants significantly influence the inertia and frequencies
of their mixed modes (Cunha et al. 2015). The θg and θp
provides an alternative way to measure the degree of mix-
ing in glitch-free cases and their measurement is related to
the integrals over different regions. So the method presented
here is different from that which was used by White et al.
(2012) for their mode identification in F stars. They mea-
sured ǫp, assumed to be independent of frequency, from the
frequencies and several observed seismic parameters. Here
we consider the phases θg and θp as indicators of the off-
set from the pure asymptotic relations for mixed modes,
and hence as a window to study the mode variations caused
by coupling. Further information about the properties of a
mixed mode can be obtained from the ratio between the
contributions of the p and g cavities to the kinetic energy.
Figure 6. Left: Computed θg of dipolar modes of Model Mr from
equation (14) as a function of frequency; Right: θp computed from
equation (13). Green and red circles correspond to the same kinds
of mixed modes as in Fig. 5.
Benomar et al. (2014) demonstrated a way to estimate the
mode-inertia variations between neighbouring modes from
the observed mode amplitudes and line widths which pro-
vide information about the mode coupling and a potential
diagnostics of the stellar properties. However, here we focus
on the use of frequencies as diagnostics, noting that the in-
tegrals of the wave number K are related to two observable
parameters, namely, ∆Π and ∆νas, which makes an analy-
sis based on the phase shifts possible. This will be discussed
below.
2.4 Radial order of mixed modes
With the help of models we can study properties of mixed
modes by deriving some parameters that characterize os-
cillation modes, such as kinetic energy (Unno et al. 1989)
or mode inertia (Dziembowski et al. 2001). The normalised
mode inertia is given by:
E =
∫ R
0
(
ξ2r + L
2ξ2h
)
ρr2dr
M [ξr(Rph)2 + L2ξh(Rph)2]
, (15)
where ρ is the density and ξh is the oscillatory displacement
in the horizontal direction. For a mode that is dominated
by p-mode nature, the greatest contribution to the inertia
comes from the p-mode cavity, hence from ξr. For a mixed
mode that behaves predominantly as a g mode, the inertia
is very large owing to the high density in the core area and
hence is dominated by ξh in the g-mode cavity (Aerts et al.
2010). Therefore, a convenient way to measure the g nature
of mixed modes is through the ratio of mode inertia in the
g cavity over the total inertia:
ζ =
Eg
E
≈
∫ rb
ra
L2ξ2hρr
2dr∫ R
0
(ξ2r + L2ξ
2
h) ρr
2dr
. (16)
Goupil et al. (2013) have originally introduced the parame-
ter ζ and made use of it to reproduce the rotation splittings
by comparing the radial and dipolar mode inertia. Later
on Deheuvels et al. (2014) have proposed a more precise
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E
Figure 7. Normalised mode inertia of l = 1 g modes (n < 0)
for the model Ms. The p-m modes are plotted in red, indicating
that the six lowest-order p modes couple with g modes in this
frequency range.
expression of ζ for the aim of probing the radial depen-
dence of the rotation profiles for a sample of Kepler tar-
gets. Mosser et al. (2015) showed that the bumped period
spacing and frequency rotational splitting follow the same
pattern constructed by ζ. The value of ζ is close to 0 for
a p-dominated mode and close to 1 for a g-dominated one,
making ζ an optimal parameter to identify the type of mixed
modes; on this basis Mosser et al. (2017) developed an au-
tomated method to estimate the coupling strength q and
applied it to a large number of stars observed by Kepler.
Here we investigate the p and g contributions to the mixed
modes by measuring np and ng through θp and θg which do
not require to compute q.
In equations (10) and (11), np and ng represent the
radial orders for what would be the pure p- and g-mode
components contributing to a given mixed mode. Therefore,
by using the two equations we here introduce a new way
to evaluate np and ng as well as the resulting radial order
n for a mixed mode. Since only the integral terms are di-
rectly obtainable, the phase shift and radial orders in equa-
tions (10) and (11) are essentially considered together. From
Section 2.3 we know that θp and θg of a mixed mode vary
between −0.5π and 0.5π, and hence np and ng can be esti-
mated by rounding the values of π−1
(∫ rd
rc
Kdr − φp
)
and
π−1
∫ rb
ra
Kdr − 1
2
, respectively.
We first use the modelMs to discuss the shift in p-mode
radial order caused by the coupling. Fig. 3 shows p modes
that experience coupling with several g modes, although the
coupling already happens in the low frequency range where
g modes exist. The normalised mode inertia E of g modes
in Model Ms, plotted in Fig. 7, is large because of their
large horizontal displacements in the deep interior where the
density is high. The add-in of p-mode character increases the
displacement vertically in the outer part and suppresses it
horizontally, leading to a decrease in inertia. As a result,
those mixed modes having locally small inertia, which are
the red ones and their neighbours in the plot, are p-m mixed
modes and are more likely to be detected in observations.
The red modes in Fig. 7 indicate that the six lowest-
order p modes couple with g modes and their frequencies
Table 3. Similar to Table 2, but the radial orders for Model Mr
dipolar mixed modes. Only a few high order p-m (odd row) and
g-m (even row) mixed modes with frequencies around νmax are
listed. The θp, using φp, and corresponding np are given here. φ′p
is estimated using equation (21).
n np ng Np Ng f(µHz) θp/π θg/π φp/π φ′p/π
−49 9 58 9 58 192.24 −0.04 −0.34 0.68 0.66
−46 9 55 9 55 201.11 0.49 0.04 0.60
−43 10 53 10 53 209.64 −0.01 −0.33 0.55 0.55
−41 10 51 10 51 216.41 0.38 0.03 0.52
−38 11 49 11 49 226.99 −0.04 −0.43 0.49 0.47
−36 11 47 11 47 234.18 0.38 0.02 0.45
−33 12 45 12 45 245.29 0.01 −0.28 0.40 0.40
−31 12 43 12 43 254.99 0.49 0.04 0.36
−29 13 42 13 42 262.74 0.01 −0.28 0.32 0.32
−27 13 40 13 40 273.23 0.48 0.06 0.30
−25 14 39 14 39 281.30 0.04 −0.14 0.27 0.26
−24 14 38 14 38 287.22 0.37 0.02 0.25
−22 15 37 15 37 298.37 −0.02 −0.46 0.24 0.20
−20 15 35 15 35 310.34 0.49 0.06 0.23
are reduced to lower values making them buried in the g-
mode frequency region. Table 2 lists the radial orders of the
components concealed in each mixed mode in model Ms,
namely the radial order np and ng of uncoupled p- and g-
mode components. We have to note that the orders are in
integer numbers only because they are rounded from the
values of the integral terms. As a comparison, in the table
we also provide the orders Np and Ng that are calculated
by ADIPLS which applies the mode classification scheme in-
troduced in Chapter 17 of Unno et al. (1989). The resulting
radial order n of a mixed modes is then given as Np −Ng.
In Table 2 the θp and np are computed using equation (13),
where the φp values are estimated in Section 2.2. After tak-
ing φp into consideration we found identical np and Np val-
ues for all modes with the exception of the n = 18 mode2
(the red mode in Fig. 4) which is undergoing strong mix-
ing and has a θp close to −0.5π. Given the fact that the
φp is approximated by arbitrarily tuning the asymptotic ξr,
the determination of the np becomes a little tricky for those
g-m mixed modes with |θp| around 0.5π. The differences in
g-mode orders for the four p-m mixed modes, with n around
5, 10, 17 and 25 in Table 2, indicate that there is possibly an
additional frequency-dependent phase for θg for SGB mod-
els of which the high-order modes can be strong-coupling
modes.
A more illustrative example is given by the p-m mixed
modes in the RGB model. In Table 3 we present the radial
orders for the 7 most p-m like mixed modes with consecutive
np (odd rows) and the 7 most g-m like mixed modes (even
rows) for the RGB modelMr. These modes have frequencies
around νmax
3, i.e., the frequency of the maximum oscillation
power, as do the detectable RGB mixed modes. The asymp-
totic orders are matched with their corresponding numerical
orders for all the modes.
The phases θg and θp depict the phase variation that
2 This is due to our way of estimating np, increasing it by 1
when θp reaches 0.5π. Allowing a slightly larger θp in absolute
magnitude would have yielded the ‘correct’ np.
3 For models we estimate νmax using the scaling relation given by
equation (10) in Kjeldsen & Bedding (1995), in terms of surface
gravity and effective temperature.
c© 2016 RAS, MNRAS 000, 1–13
8 C. Jiang, J. Christensen-Dalsgaard and M. Cunha
results from mode coupling while φp represents the phase
deviation, other than θp, brought in by the asymptotic anal-
ysis. Similar to the θg and θp, ng and np are related to K,
thus to the mode frequencies which can be obtained from ob-
servations. Although the analysis introduced so far is done
with modes computed using the Cowling approximation, we
can apply the asymptotic phase-shift method to observa-
tions because we would be dealing generally with high-order
observed modes and also the acoustic behaviour in the outer
parts of the star is less affected by the perturbation to the
gravitational potential. Therefore, in next section we apply
the asymptotic phase-shift method to an observed Kepler
star.
3 APPLICATION TO OBSERVED
FREQUENCIES
The integral of K provides us a useful tool to explore the
interior structure of the star. It can be gained easily from
models. In this section we discuss how to relate it to the
observable parameters. Christensen-Dalsgaard (2012) dis-
cussed the approximated versions of K in the p and g cav-
ities through a simple asymptotic analysis. In the p cavity
for high order and low degree modes with ω2 ≫ N2 and
ω2 ≫ S2l , the integral of K can be approximated by∫ rd
rc
Kdr ≃ ω
∫ rd
rc
1
c
(
1− S2l
)1/2
dr ≃ ω
∫ rd
rc
1
c
dr . (17)
Here the second approximately equal sign is valid except
near the turning point where ω = Sl. The outer turning
point rd is, in most cases, very close to the photosphere.
And when the inner turning point rc is very close to the
stellar centre, the last term of equation (17) is related to the
∆νas defined by equation (2). However, for a giant star rc
is not close to the centre. Therefore, for each l we define a
∆νint,l by
∆ν int,l =
(
2
∫ rd
rc
1
c
dr
)−1
. (18)
Then equation (17) becomes∫ rd
rc
Kdr ≈ πν
∆ν int,l
, (19)
which can be substituted into equation (13) to obtain
ν ≈ ∆νint,l
(
np +
1
π
φp +
1
π
θp
)
. (20)
For a radial mode θp and the small separation dnl in equa-
tion (1) are zero; we then find that φp/π in equation (20)
resembles ǫp. Since for a giant star, rc is away from the stel-
lar centre, ∆νint,0 is larger than ∆νas, and, thus, we do not
expect the two phases to be exactly the same, but still, we
can assume that φp is independent of l, just as ǫp is. With
this in mind, we can use the radial modes to determine φp
through
φp = π
(
ν0
∆νint,0
− np
)
, (21)
where ν0 is the frequency for l = 0 modes. For a non-
radial mode, rc is even farther away from the centre which
results in even larger ∆ν int,l, but φp still does not de-
pend on l and this independence will be confirmed later.
Mosser et al. (2013) expressed the p mode frequency asymp-
totically, based on Tassoul (1980), including a second-order
term Aas varying as n
−1:
νn,0 =
(
n+ ǫas +
Aas
n
)
∆νas, (22)
with a constant offset ǫas. Equation (22) reproduces the cur-
vature of the radial ridge very well in the observed frequency
range. We fit equation (22) to all of our models, and found
for less-evolved models the curvature is not so pronounced
and the frequencies of the high-order radial modes do not
follow the form of n−1. For RGB models the second-order
term plays the same role as φp and predicts the mode fre-
quencies excellently, though the values of Aas and ǫas differ
from what Mosser et al. (2013) found. Details about the fit-
ting work are given in the Appendix.
Similarly, after comparing the expression of K in the g
cavity, we can also define ∆Πint,l by
∆Πint,l =
(
ν
π
∫ rb
ra
Kdr
)−1
. (23)
∆νint,l and ∆Πint,l are theoretical frequency and period
spacings defined by the integrals. They enable us to estimate
the integrals of K in each cavity for real stars, from observa-
tions, once we understand their relations with the observed
spacings, ∆νobs and ∆Πobs. Since in observations dipolar
mixed modes are predominantly detected, we will search for
the relations between the spacings for dipolar modes. For
convenience, hereafter we will use ∆ν int and ∆Πint to refer
to ∆νint,1 and ∆Πint,1, respectively.
In order to find these relations, we computed a large
number of evolution sequences with masses ranging from
1.0 to 1.4 M⊙, with chemical compositions [Fe/H] from −0.5
to 0.5, and with mixing-length parameters from 1.5 to 2.5.
The physics was kept the same as in models Ms and Mr.
More than ten thousand models were considered over differ-
ent evolutionary stages, from the zero-age main sequence to
late RGB, but the relations were searched mainly for SGB
and RGB, with different spacing ranges. As an estimate of
the observable ∆νobs, we adopted the mean large separa-
tions of the mode frequencies, computed by performing a
linear fit to several radial modes (normally 9 modes) around
νmax (Jiang et al. 2011). Moreover, the period e´chelle dia-
gram allowed us to estimate the observable ∆Πobs of the
dipolar g modes or the g-m mixed modes (Bedding et al.
2011). For the theoretical ∆νint and ∆Πint, we integrated
the K defined in equation (7) for dipolar modes over the
p- and g-mode propagation cavities, respectively. This was
also done for several dipolar modes around νmax and then
the theoretical period spacings are defined as the mean val-
ues of those obtained for each mode.
It should be noted that for some early SGB models the
inadequate estimations of K makes the boundaries of the
two propagation regions ambiguous in the asymptotic anal-
ysis, which leads to deviations in the estimations of ∆νint
and ∆Πint. In that case, we calculated the integrals of K for
the quadrupolar modes in which the Lamb frequencies are
larger than those for the dipolar modes, making the ambi-
guity of the propagation regions disappear, to obtain ∆νint
and ∆Πint. According to equation (4) the period spacing is
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Figure 8. Ratio between ∆νobs/∆ν⊙ and (ρ¯/ρ¯⊙)
1/2, where ρ¯
and ρ¯⊙ are the mean densities of the star and the Sun, respec-
tively, as a function of effective temperature for all our models.
∆νobs are calculated from radial modes. The ratio is presented
in a) different metallicity and b) different masses with different
colours. MS, SGB and RGB models are indicated by cross, dia-
mond and triangle signs, respectively. The dashed black line shows
the function given by equation (5) in White et al. (2011).
inversely proportional to L and hence the spacings of the
l = 1 and 2 modes satisfy the relation as ∆Π1 ≈
√
3∆Π2
which was verified by our models without ambiguous propa-
gation regions, the difference between the two being within
1 s. However, the resulting differences between the frequency
separations of l = 1 and 2 modes can reach as high as 10%;
therefore for the computations of ∆νint we simply ruled out
these early SGB models that only take up a very small per-
centage of the whole set. We then could compare ∆ν int and
∆Πint with ∆νobs and ∆Πobs, respectively, to link the inte-
grals of K with observations.
We found the relation between ∆νobs and ∆νint could
be described by a simple linear fit as ∆νint = 1.089∆νobs +
0.327. The relation presented by Mosser et al. (2013) does
not fit our RGB models quite well and their slope of the
linear fit is smaller than what we derived, because our fitting
is performed for dipolar modes rather than radial modes and
∆ν int is larger than ∆ν int,0. We also fitted ∆νint,0 to ∆νobs
for the purpose of estimating φp using equation (21) and the
relation is ∆ν int,0 = 1.062∆νobs + 0.083 for which the slope
is still greater than what was found by Mosser et al. (2013).
With our computed ∆νobs, we are also able to test the
scaling relation ∆νobs ∝ (ρ¯)1/2 where ρ¯ is the mean density
of the star. Larger deviations from this relation are gener-
ally found for larger-mass and evolved stars than for lower-
mass MS stars, and the deviations predominantly depend on
the effective temperature (White et al. 2011). The depen-
dence of the scaling relation on effective temperature with
our models is shown in Fig. 8. We do not find significant
metallicity nor mass dependence. The effective temperature
dependence found from our models basically matches what
is given by equation (5) in White et al. (2011), but the de-
viations of our models scatter within a range of 0.03.
Similarly, a linear fit was also performed to find the
relation between the period spacings ∆Πobs and their the-
oretical counterparts ∆Πint. However, only models with a
sufficient number of g modes were taken into consideration,
Figure 9. φp obtained from three different methods for modelMr
modes. φp obtained by fitting the eigenfunction ξr as described
in Section 2.2 is in red, using the integral of K with equation (13)
in blue and using radial modes with equation (21) in green. The
black triangles correspond to the second-order term Aas/n+ ǫas
introduced in equation (6) of Mosser et al. (2013). The abscissa
shows the frequency.
which ruled out a few early SGB models. After performing a
universal fit to all the models, we found the fit deviating sub-
stantially for the high-period-spacing models. This required
us to do the fitting for SGB and RGB models separately.
For stars with masses below 1.5 M⊙, they pass the SGB and
start climbing RGB when (∆νobs/36.5 µHz)(∆Πobs/126 s) <
1 (Mosser et al. 2014). We followed this criterion and sepa-
rated our models into two groups, so that 98% of our mod-
els were considered as more evolved RGB models. The two
model groups were fitted separately. The slope of the fit
to the RGB is also very close to one and the relation is
∆Πint,RG = 1.004∆Πobs − 0.133, while the relation for the
SGB is ∆Πint,SG = 1.144∆Πobs − 14.69. The latter relation
is more suited for the models in the transition zone between
subgiant and red-giant models. The relations between theo-
retical and observed values found so far allow us to proceed
with the analysis of observational data. It should be noted
that, to make this realistic, the results discussed so far in
the current section are based on frequencies computed for
the full fourth-order system.
Since eigenfunctions cannot be obtained directly from
observations, it is impossible to estimate φp using the
method mentioned in Section 2.2. However, φp can still be
approximated using the radial modes and equation (21). We
applied the two different methods, fitting ξr and using equa-
tion (21), to estimate φp for radial as well as non-radial
modes. The results for model Mr are shown in Fig. 9. We
used ν0 and ∆ν int,0 of the radial modes with equation (21)
to obtain the green curves which are identical in both pan-
els. The blue curve is obtained by using the integral of K
with equation (13) and the red ones present φp obtained by
fitting the eigenfunctions. The blue and red curves are com-
puted for non-radial p-m mixed modes whose θp is shown
to be small by Table 3 and hence is negligible. The figures
show that the red curves are very similar for different de-
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gree modes, which confirms that φp is independent on l.
More importantly, the fact that the green curve is a reason-
able approximation to the other two curves demonstrates
that the φp obtained with equation (21), for radial modes,
can be used also for non-radial modes, especially for those
modes with frequencies around νmax (∼ 253µHz for Mr). In
Table 3, we also give the values φ′p of φp obtained by inter-
polating in the green curve to the corresponding frequencies
of p-m mixed modes. Since the radial order for radial modes
is generally uniquely defined also for observed modes this
technique provides an estimate of φp also for the analysis of
observations. We use this in the following analysis.
We applied the phase-shift approach to the ascending-
branch red-giant star KIC 3744043 that was observed
by the Kepler space mission. This star was analysed by
Mosser et al. (2012a) for mixed-mode study. They found
that the ∆νobs and ∆Πobs for this star are 9.90 µHz and
75.98 s, respectively. Using the linear relations between the
theoretical spacings and the observed ones for l = 1 modes,
we approximated ∆νint and ∆Πint to be 11.11 µHz and
76.15 s. A part of the power spectrum of KIC 3744043 is
plotted in the top panel of Fig. 10, covering a 2∆νobs-wide
frequency range, with νmax of 110.9 µHz located at the cen-
tre. In addition to two radial modes and two l = 2 p modes,
two groups of l = 1 mixed modes are clearly illustrated. We
estimated the degrees of mixing for the dipolar modes by cal-
culating θg and θp with φp, using equations (14) and (13),
respectively. The integrals of K in the p- and g-mode cavi-
ties were estimated from the observed individual frequencies,
∆ν int and ∆Πint with equations (19) and (23). ∆νint,0 was
estimated as 10.60 µHz from the relation between ∆ν int,0
and ∆νobs mentioned above. For each group of dipolar p-m
modes φp, assumed the same for all modes in the group, was
then estimated from applying (21) to the radial mode with
frequency just below the group, and this was then used to
calculate θp as described by equation (13).
The lower two panels in Fig. 10 show the θg and the θp
resulting from this analysis. As discussed above, these p-m
mixed modes possess the p-mode character through cou-
pling. The degree of mixing is reflected in θg and θp. In this
case, the most p-m like mixed modes have the largest abso-
lute values of θg in their local mode clusters and they are
located the farthest away from the dashed line indicating the
position of 0 while their θp are the closest to 0. Normally, the
p modes have much larger amplitude than g modes, which
makes them much easier to observe. This is true in the power
spectrum of KIC 3744043. In the first dipolar mode cluster
around 106 µHz, the third mode has the smallest absolute
θp value as well as obviously the highest peak, and there-
fore it is the most p-m like mode in this cluster. Based on
θg the third mode in the cluster indicates also the smallest
departure from the g-mode behaviour. The second cluster
of dipolar modes also proves the validity of using the phase
shift. The amplitudes of the most p-m like modes are usu-
ally the highest among the mode cluster4, but it is not pos-
sible to distinguish the rest of the mixed modes, which have
4 We note that in the second cluster the most p-m like mode is
assigned to the mode with the second highest peak based on the
vales of θg, but the θp of this mode is only a little closer to 0 than
that of the mode with the highest peak.
Figure 10. Top: Power spectrum of the KIC 3744043, with super-
imposed mode identification provided by Mosser et al. (2012a).
Red arrows indicate the forests of dipolar mixed modes, while
green and blue arrows show the positions of radial and quadrupole
modes, respectively. The power spectrum only covers two ∆νobs
range, with νmax of 110.9 µHz, also obtained by Mosser et al.
(2012a), located in the centre of the spectrum. Centre: θg for
the dipolar mixed modes, as a function of the frequency. Modes
with θg close to 0 preserve more g-mode character. On the other
hand, modes with θg away from 0 are more affected by p-mode
character. Bottom: The θp including the phase offset φp. The
most p-mode-like modes in each cluster are highlighted by red
dots in the last two plots.
similar amplitudes in the cluster, in terms of their mixed
characters from the power spectrum. One might do so by
plotting the period spacings between the modes with con-
secutive radial orders. However, consecutive modes are not
always detectable from the power spectrum. In this case,
the phase-shift method gives a better way to classify mixed
modes directly and easily.
We can also identify the radial order for these dipolar
modes. Since φp is already known, we just need to estimate
the integrals of K. These are estimated from the observed
frequencies and ∆νint or ∆Πint, respectively, which, in turn,
are computed from ∆νobs and ∆Πobs using the linear rela-
tion discussed above. With φp and the integrals in hand, we
then compute np and ng by applying the method described
in Section 2.4. We have obtained the mode orders for the
two groups of mixed modes in KIC 3744043 to be 9 and 10,
which are identical to what Mosser et al. (2012a) found. The
g-mode radial orders ng are from 125 to 110.
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4 CONCLUSION
In SGB and RGB stars the degrees of mixing for some modes
differs drastically from that of their neighbouring modes. For
these modes their frequencies also vary significantly from the
regular asymptotic p-mode pattern in SGB and asymptotic
g-mode pattern in RGB stars. These modes theoretically sat-
isfy the conditions set by equations (10) and (11) for mixed
modes. In this paper, we discussed a method of utilizing the
phase shifts θp and θg as a tool to distinguish the degree of
mixing for adjacent mixed modes.
We computed θp and θg values for the mixed modes
in a SGB and a RGB model. For both cases, θp or θg are
around 0 when the mode suitably satisfies the eigenfunction
conditions for pure p or g modes, respectively. When the
modes meet the condition for mixed modes, the absolute
values of θp and θg shift away from zero to different extents,
meaning the mode gains p-mode character if it was a g mode
before and vice versa. Therefore, the absolute value of θp and
θg can be used to classify mixed modes and to determine
their degrees of mixing. We applied this method to the red-
giant star KIC 3744043 observed by Kepler. From the power
spectrum of this star, it is not possible directly to classify
the p-mode character of the dipolar mixed modes in the
same frequency cluster. With the help of θp and θg, we could
accomplish that by measuring how far away their θg values
are from zero or how close their θp values are to zero, once
we obtained the ∆νobs and ∆Πobs from the power spectrum.
This method works well for high-order observable modes.
Another purpose of computing θp and θg is to identify
the radial orders of p- and g-mode components that mix
into a mixed mode. The mixed-mode radial order indicates
the number of radial nodes in the eigenfunction in the ra-
dial direction. In order to have an accurate and continuous
numbering of mixed modes, which is given in theoretically
computed modes, we use the definition n = np − ng, where
np and ng are the pressure and gravity radial orders and
can be obtained from equations (13) and (14). We do note,
however, that the determination of radial orders is tricky
for those modes undergoing strong mixing. For those modes
the absolute values of θg and θp are around 0.5, making
their radial orders hard to decide upon. A more basic diffi-
culty results from the approximations used in the asymptotic
analysis, which cause clear deviations from the numerical
results for low-order modes. After comparing the numerical
and asymptotical eigenfunctions, we found that the devia-
tions of np can be corrected by a phase offset φp estimated
by matching the asymptotic eigenfunction to the numerical
one. For observational data it is obviously not possible to
estimate φp from the eigenfunctions; here we linked φp to
the radial mode frequency and ∆νint,0, which provides an al-
ternative way to estimate φp. The two methods used in our
analysis to estimate φp are consistent with each other. The
first way with the eigenfunctions is optimal for models when
the eigenfunctions are available. The second procedure, us-
ing the radial modes, gives good estimates of φp for modes
around νmax and hence is suitable for observational data.
Using this technique we obtained reasonable estimates for
the phase shifts and the mode orders for the red-giant star
KIC 3744043.
Knowing the pressure and gravity radial orders gives us
a better understanding of the contributions to mixed modes
from the p- and g-mode character. The phase shift provides
us an alternative way to identify the mode other than the
normal frequency and period e´chelle diagrams, especially to
identify the mode mixture for a mixed mode, with an impor-
tant byproduct of the estimations of mode orders using only
mode frequencies and the spacings. We should note that the
models used in this work both have relatively thick inter-
mediate evanescent regions. It is essential that this region
is not assumed to be always thin. A thin evanescent region
means strong coupling between acoustic- and gravity-wave
and can push the coupling strength approaching 1. Since the
eigenvalue condition of equation (9) still holds the validity
when the evanescent region is thin (Takata 2016b), we as-
sume the phase shifts method also works in that situation,
which will be thoroughly examined in future work.
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APPENDIX A: THE ASYMPTOTIC
SECOND-ORDER TERM
Mosser et al. (2013) proposed that the measurement of the
curvature of the radial ridges in the e´chelle diagram provides
a correction to the observed value of large separation. They
derived a link between the asymptotic large separation ∆νas
and its observed counterpart using series of radial-mode fre-
quencies in published analyses of stars observed by Kepler
or CoRoT. The curvature of the observed radial ridge repro-
duces a second-order term in the asymptotic expression for
p modes, which was taken into consideration in the deriva-
tion of the asymptotic large separation. In our analysis, the
effect of the second-order term is included in the frequency-
dependent ǫp or the phase φp. We make use of the abun-
dant sample of models, computed to relate ∆ν int and ∆Πint
to ∆νobs and ∆Πobs (cf. Section 3), covering large ranges
in mass and chemical composition to test the second-order
term Aas/n in the asymptotic regime by fitting equation (22)
to our model frequencies. Mosser et al. (2013) used radial
modes in the frequency range where modes have appreciable
amplitudes. In order to resemble their work, we also adopt
the modes around nmax, typically using 7 modes in total for
a given model. The significance of the fit is demonstrated by
the value of χ2 defined as:
χ2 =
∑ (ν − ν′)2
σ
. (A1)
where ν′ are the frequencies from the fitting and σ is set to
1µHz as we do not have errors for model frequencies. The
results are shown in Figs. A1 and A2 where Aas and ǫas are
plotted as functions of nmax. Only results with χ
2 < 1 are
displayed, which represent acceptable fits. We note that the
less-evolved models have less pronounced curvature ridges
to which the fitting is very sensitive. This leads to a ten-
dency for χ2 to increase as nmax becomes larger. On the
other hand, the fits for the RGB models show that a n−1
dependence in equation (6) of Mosser et al. (2013) is work-
able for red giant stars, at least in the observed frequency
range. Our resulting Aas are generally larger than what
Mosser et al. (2013) found, while ǫas is smaller than their
results which are around 1/4. This may be related to the
fact that Mosser et al. (2013) analysed observed frequencies,
differing from our model frequencies owing to the neglect of
near-surface effects in the modelling. Our fit of Aas in nmax
gives the relation for RGB models
Aas,RG = 0.049n
2
max , (A2)
and for MS models
Aas,MS = 0.66nmax. (A3)
We also applied the fit of equation (22) to the radial-
mode frequencies of modelMr, plotting the result for several
radial modes around νmax in Fig. 9. The fit reproduces the
mode frequencies very well, with a χ2 of 0.19. Therefore, it
is not surprising to see that they overlap the φp computed
using equation (21). A more detailed comparison between
our work and Mosser et al. (2013) is beyond the scope of
this paper, however.
χ2
RGB SGB MS
Figure A1. The second-order asymptotic term Aas obtained by
fitting equation (6) of Mosser et al. (2013) to all our model fre-
quencies, as a function of nmax = νmax/∆νobs. The colour code
of the symbols provides the χ2 of the fit. The red and blue lines
correspond to the fit in n−1max and n
−2
max, respectively, adopted di-
rectly from Mosser et al. (2013), while the green and grey lines
correspond to the fit in our analyse. The colours of the vertical
lines indicate the different regime of evolution stages.
RGB SGB MS
Figure A2. Same as Fig. A1, for the asymptotic offsets ǫas.
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